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Coupled-channel scattering theory

Physical context and motivation

@ Recent experimental progress in
» cold atom-atom collisions
(Bose-Einstein condensation, superfluids, atomic beams. . .)
» low-energy nuclear collisions
(nuclear astrophysics, radioactive beams, hypernuclei. . .)
= renewal of interest for low-energy quantum scattering theory
@ Usual simplifications
» two-body channels only
» rotational invariance = partial-wave decomposition
> finite number of channels (close-coupling approximation)
= for each value of the total angular momentum (fixed .J),
small number N of coupled radial Schrodinger equations
@ Not enough is known about the coupled-channel inverse scattering
problem.
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Coupled-channel scattering theory

Coupled-channel radial Schrodinger equation

@ System of N coupled equations (reduced units)

o2 (1+1 _
Hi(k,r) = E*(k,7), H:—ﬁﬂf(r), V= (;; )+A+V(r),

V(r) — short-range symmetric N x N potential matrix,
I = diag(ly,...,In) — diagonal matrix of angular momenta,
A = diag(Aq,...,An) — diagonal matrix of thresholds,
=N x1or N x N solution matrix
@ Three different types of the matrix Schrodinger equation
» s-wave inelastic scattering, A £ 0, [ =0,
[Sparenberg et al., JPA 2006]
> elastic scattering, different partial waves, A =0, [ # 0,
present work
> inelastic scattering, different partial waves, A £0, [ # 0
MAA£0,l#£0)~(A#0,l=0)U(A=0,l#0)

vV vy VvYyy
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Coupled-channel scattering theory

Jost matrix and scattering matrix

@ Jost-solution N x N matrices f(+k,r — oo) ~exp(xikr) (basis)
@ Regular-solution N x N matrix ¢(k,r),

ok, r = 0) ~ T 2v+ D)L, V(r—0)= w,u >1.
ok, r) = = [ (ks ) F(=K) — f(—k, ) F(F)]

2ik
e Jost matrix F(k) = lim [T (k,r)r] [(2v — 1)1~

@ Scattering matrix S(k) (unitary and symmetric)

U(k,r) exp(ilg —ikr) + exp(—ilg +ikr)S(k)

= S(k) = exp(ilg)F(—k)F_l(k:) exp(ilg)

» zero of det F'(k) = pole of S(k) (bound, virtual or resonance states)
» F(k) and S(k) non diagonal when V() non diagonal (coupling)
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Coupled-channel scattering theory

Scattering matrix

Phase shifts, mixing parameter, N = 2

@ S-matrix might be diagonalized
Su S e2ianlk) g
T 11 912 -
W (k) ( S12 S22 )W(k) B ( 0 e2i02(k) > (@)

W(k):< cose sine ) . 2)

—sine cose

> J1 2 — phase shifts (logarithm of the S-matrix’s eigenvalues)
> (k) — mixing parameter
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Inverse scattering problem and SUSY QM

Inverse scattering problem

Single-channel case

e Map: Scattering data (e.g., d(k), k € (0,00) at fixed ) = H
» Locality of the interaction potential V/
@ General method - Integral equations
> Gelfand-Levitan method: S(k) = F(k) = spectral function p(k) =
input kernel G(r’,7) = output kernel K(r',r) =V = Q%K(r.,r)
» Marchenko method: S(k) = input kernel Ag(r’,r) = output kernel
A(r',r) =V = fZ%A(r,r)
e Simplification for the case of the rational scattering matrix S(k)

@ Bargman potential:

Vi Vo= Vi = 2 A(rr) = Fa(k) =TT, (352 ) B2 (K)

@ Equivalence with SUSY transformation,
[Sukumar C V , JPA 1985]
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Inverse scattering problem and SUSY QM

Supersymmetric-transformation principle: V — 1%

e Hyp = Eyp o Hijp = Ep
@ specH cou @ specH =specH, £{€}
- oV T e V=V-24U(r) -
° YE o Yy =Ly
o F(k) o F(k)= R(k)F(k)
@ SUSY transformation is determined by:
» & = —k? — factorization constant; Ho(r) = Ea(r),
» o(r) — transformation solution,
» U =o'c~! - superpotential, prime=-4,
» L =—d/dr+ U(r) — transformation operator,
» R(k) = R[k;U(0),U(c0)] — rational function, e.g. k/(k —ix),
> Initial potential V' = 0 = simplest transformation solutions.

@ Works for coupled channels when [Amado et al., PRL 1988]
» V(r),U(r),o(r),R(k) = N x N matrices, N = 2 below.
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Inverse scattering problem and SUSY QM

Coupled channel generalizations of ISM
Two-channel Cox potential, A # 0,1 = 0 [Cox, JMP 1964; Pupasov et al., PRA 2008]
i8

Ei1tiog
o Jost matrix Foox(ki, ko) = Fifgr Jidisi |

ko+tike  kaotika
@ Revised by SUSY transformation, V =0 =V,
EI = A — K20 = cosh(Kr) + K~ Lsinh(Kr)U(0),
@ Parameters: a1 =0.15, ap =04, 6=0.1 k1 =2, ko = \/k:% — 1.
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Inverse scattering problem and SUSY QM

Coupled channel generalizations of ISM
Newton-Fulton potential A =0, = diag(0, 2), [Newton, Fulton, PRL 1957]

@ The scattering matrix Sy_p (k) =
1 2X2 k2
Kt g2 2X2

1} ki 10

d5(k)

o elk)

E
IE]

0 5 10
L

> (k—ig)(k—
0

(k+i¢)(k+§f;§ 0 ) (
1

2y%  —k? )
K 2y )
e is(k) rctan% + arctan ,
da(k)

k2

e ¢(k) = arctan 37

=a
=0

@ Parameters: ¢ =1, k = 1.5,
x =0.5

o Gelfand-Levitan equation was
generalized to find the potential

= Challenge to the method of SUSY transformations!
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Coupled channel SUSY transformations

Coupled channel SUSY transformations
Different partial waves without thresholds, A = 0,1 # 0

e Transformation function o.(z) = f4(—ik,7)C1 + fa(ir,r)Cso.
» detCq,Cy # 0 = diagonal R(k), no coupling,
> detC; = 0,detCy # 0 = non-digonal R(k), coupling,

e Mixing SUSY transformation V; = V,

» Parameters: z,q, K

(13 (i) o

Lo, Ue(oo) = lim,— o Ue(r)

Lg’ 20 cosa  sino @
2 2
Usc)=r | 'ta 1Fa =K < ) q = tan
2 -1 i )
# 6114-? sma 2

o —cos o

@ Generalization of the Amado work: different partial waves, more
general o, detailed analysis of V. and F,
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Coupled channel SUSY transformations

Properties of the mixing SUSY transformation
@ Decreasing singularity of the potential at the origin
vg= (vi,1e) = ve= (1 —Liva—1),
@ Long-range behavior of V,

> if [y # Iy necessary to fix ¢ =1, Ig = (I1,12) = . = (I2,11),
> if =1y lg= (ll,lg) =1l.= (ll,lg) q - arbitrary.

@ The Jost matrix transformation
Fu(k) = R(k)Fa(k) , R(k) = (¥ + 52)(ik] — Un(o0)) ™",
@ The Jost matrix determinant
detF,(k) = (k* + x%)detFy(k),
@ New bound, k, = ik, and virtual, k, = —ix, states.
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Coupled channel SUSY transformations

Coupled channel SUSY transformations
The S-matrix transformation
e Non-diagonal S-matrix S.(k) =
—eM T2 (k] 4 Uegng) ™ e ™25y (k)e /2 (ik] — Uejng)e=™/? |

e mixing parameter €(k), e(k — 0) ~ kl2=tl,

Se. S.. 02i0¢,1(k) 0
wT (k) < Sci SCTZ >W(k) = ( 0 2060 ) . (4

W (k) = ( cose  sine ) . (5)

—SIne CoSe

> unphysical case ("simple"):
lo =1 +1(mod2),q = 1 = tan2e; = —F2, §4(k) = 6.(k),
> physical case (" complicated"):
log = ll(mOdZ), q=1= tan2e = m cot ((Sd 9 — 5d 1
» zero energy bound state: €(0) =0 = d4,2(0) — 04,1(0) =
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Coupled channel SUSY transformations

SUSY partner of zero s — p potential

11
¥12ir)
ol ¥l

Jsfk]

efk]

XIE]

k

V, is obtained by single-channel SUSY
transformation: vy = diag(2, 1),

lq = diag(0,1)

Mixing transformation:
g=1lz=1k=3.53

Ve ve = diag(1,0), I, = diag(1,0)
Phase shifts

ds(k) = arctan 3t 4 arctan 3,
dp(k) =0, s1 =1.5,59 = 1.75,
Mixing angle e¢(k) = arctan %,
Compare with the Newton-Fulton
S-matrix.

@ Mixing transformation does not change the phase shifts!
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Conclusions and perspectives

Conclusions and perspectives

@ Mixing transformation for N-channel uncoupled potential
@ Solves schematic inverse problems for N = 2, s — p coupling
@ Future theoretical developments
> iteration of mixing SUSY transformations (necessary to s — d coupling)
@ Future physical applications

> neutron-proton interaction
> low-energy nuclear collisions (Coulomb!)
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